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Let M be a compact %P manifold with a codimension one foliation 9.
We will assume throughout that 5 is transversely oriented (a situation which 
can always be obtained by passing to a two-fold covering space of M) and 
that s is of class V2 in the sense of [4]. We will also be assuming that the 
individual eaves of 9 are immersed submanifolds of class g3 (which is the 
case for example if the subbundle of the tangent bundle of M which is tangent 
to F is of class VP). When this extra condition obtains we say that g is of 
class ??a+. By a minimal set of 9 we shall mean a nonempty set A’ CM 
which is minimal with respect to the following two conditions: 
(i) A! is a union of leaves of St, and 
(ii) &Z is a closed subset of M. 
It is well-known that a minimal set can be of three types: 
(1) all of M, 
(2) a single compact leaf of F, 
(3) an exceptional minimal set, i.e., a nowhere dense set which is not 
a compact leaf. 
Denjoy (see, e.g., [5]) showed that exceptional minimal sets could not exist 
for ‘P codimension one foliations of the 2-torus. In [17], Reeb proved 
analogs of Denjoy’s theorem for foliations of T2 x [0, l] transverse to the 
[0, l] factor and conjectured that exceptional minimal sets could not exist 
in V?a codimension one foliations but Sacksteder [20] gave a counterexample 
to this conjecture. The example was a foliation fM, x S (M, = compact 
oriented surface of genus 2) transverse to the 9 factor. In this paper we will 
try to put these earlier results and examples in some perspective. In particular, 
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for the examples mentioned above, the decisive difference turns out to be the 
following: rr( T2) is abelian and thus has polynomial growth, whereas n1(M2) 
has exponential growth [9] ( see next section for definitions). The main 
results are stated in the next section and the proofs are given later on. 
Applications are given to the study of locally free Lie group actions, foliations 
transverse to bundles with circle fibers, and actions of finitely generated 
discrete groups on S. 
The author is grateful to R. Moussu for suggesting (2.6) and its use in 
the proof of the main result (1.2). 
1. GROWTH FUNCTIONS AND THE MAIN RESULTS 
From now on we will assume that the manifold A4 has a VP Riemannian 
metric and we define growth functions for the foliation S as follows. For 
x E M, let L, denote the leaf of 9 which contains x and d, denote the distance 
function derived from the metric on L, (which is induced from the original 
metric on M). The disk of radius R about x is defined by 
Wx) = 0 EL, I4(x, r> < RI. 
Corresponding tothe Riemannian metric induced on L, there is a volume 
element which we denote by .Qz . 
DEFINITION. The growth function of F at x is the continuous increasing 
function g, : Iw+ ---f Iw+ defined by 
Ifg,(R) < p(R) wherep(R) is some polynomial wesay that 9 has polynomial 
growth at x E M. If g,(R) > A exp(arR) for some A > 0, 01 > 0, we say 
that 9 has exponential growth at x E M. 
Remarks. 1. In general the growth function depends on the original 
Riemannian metric and the point x in the leaf. However, because of the 
compactness ofM, the type of growth (polynomial orexponential) does not 
depend on either of these data. Thus, it makes sense to say that a leaf of 9 
has polynomial (of degree KZ) or exponential growth. 
2. Growth functions are defined for foliations f arbitrary codimension 
and, in general, for any Riemannian manifold. 
3. The growth function is sometimes related to the topological type of 
the leaf. For example, aleaf is compact if, and only if, its growth function 
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is bounded. In general, however, it seems that the growth function is not 
related in any obvious way with the homotopy type of the leaf. 
4. The growth function of a Riemannian manifold is related to its curvature 
[9, 231. 
Another type of growth function which we will have occasion to consider 
is the following. Suppose r is a finitely generated (discrete) group and let 
3/1 Y...> Yk be a finite set of generators. Each element of .P can be written as 
a word in the yi’s. For y E r let m(r) denote the minimum length of such 
a word (with respect to the generating set yr ,..., rk). 
DEFINITION. The growth function of r, g: Z+ + Z+ is defined as follows: 
If n E H+, g(n) is the number of distinct elements y E r such that m(r) < n. 
Remarks. (1) As above we define polynomial growth and exponential 
growth. The growth function depends on the generating set which is chosen 
but its type (polynomial orexponential) does not. Thus, these growth types 
are invariants of the group r. 
(2) (See [23].) Finitely generated nilpotent groups have polynomial growth. 
There exist solvable groups having either type of growth. Free groups, 
which are at the other extreme, clearly have exponential growth whenever 
the generating set contains more than one element. 
We recall the following result which relates the two concepts of growth 
indicated above. 
PROPOSITION 1.1. Let M be a compact Riemannian manifold (with a fixed 
base point) and i’l? its universal covering space (with induced metric). Then 
r,(M) has the same type of growth (polynomial of degree n or exponential) as iI?. 
Proof. The proof of this result is not difficult andmay be found in [15]. 
(Note, however, that the terminology used in [15] differs somewhat from 
that of the present paper.) 
We are now in a position tostate the main results. 
THEOREM 1.2. Let g be a codimension one foliation of class Y2+ of a 
compact manifold M. If A C M is an exceptional minimal set for g then 
every leaf contained in 4 has exponential growth. 
COROLLARY 1.3. If 9 is as in (1.2) and every leaf of S has less than 
exponential (e.g., polynomial) growth then 9 does not have any exceptional 
minimal sets. 
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THEOREM 1.4. Let g be a codimension one foliation of class Yz+ of a 
compact manifold M and assume 
(1) rrI(M) has polynomial growth, 
(2) F does not have any null-homotopic closed transversals. 
Then 9 does not have any exceptional minimal sets. 
Remarks. It is sufficient to prove (1.2) since (1.3) follows immediately 
from (1.2) and (1.4) follows from (1.2) and (2.1) of [ 151. By wellknown 
results ofNovikov [12], condition (2) in (1.4) can be replaced by either of 
the following: 
(2a) fl does not have any one sided limit cycles; 
(2b) 9 does not have any vanishing cycles, (in the sense of Novikov). 
Thus, (1.4) may be thought of as a generalization of results ofMoussu and 
Roussarie [ 1I], which in turn generalize the results ofDenjoy since funda- 
mental groups which are abelian in particular h ve polynomial growth. 
Using the above results and arguments used in [14] and in the proof of 
Theorem 9 of [21] we also conclude the following. 
THEOREM 1.5. If g, M satisfy the hypotheses of either (1.3) or (1.4) and 
if F also does not have any compact leaves then 9 has a “bundle like” metric 
and Hl(M; [w) # 0. In particular, if 3 is also transversely oriented then S is 
determined by a continuous nowhere vanishing closed one form and M itself 
fibers over 9. 
The conclusion f(1.5) implies, inparticular, that all of the leaves of an 
oriented F are diffeomorphic. Thus, we have the following somewhat 
curious result. 
COROLLARY 1.6. Let 9 be an oriented codimension one foliation of class 
W+ of a compact manifold and assume that 9 has no compact leaves. If there 
exist two leaves of 9 which are not dazeomorphic then some leaf of F must have 
exponential growth. 
2. PROOF OF THE MAIN RESULT 
Essentially, the proof of (1.2) involves combining the PoincarbBendixson 
theorem as proved in [16] together with results ofMoussu and Sacksteder. 
We begin with a definition anda technical result which shows where our 
smoothness assumption riginates. 
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DEFINITION. Let DR(x) be a disk of radius R about x in some Riemannian 
manifold. A point z, contained in the topological boundary of D&) is called 
a regular point if there exists a coordinate neighborhood U containing a, 
and a chart map 9: U -+ UP such that 
and for any point z E U which is in the topological boundary of Da(x) we 
have 
p(z) E {(Xl ,...) xm) E UP ( x, = O}. 
LEMMA 2.1. Let L be a Riemannian manifold, x EL and assume that the 
exponential map exp, : TJ + L is of ciass SF?‘. Also Zet 
aD,(x) C {y EL I 4x9 Y) = Rf 
denote the set of regular boundary points ofDa(x). Then: 
(1) for almost all values of R, the pair DR(x), 80,(x) satisjies Stokes’ 
theorem, and 
(2) the derivative of the growth function is given by vol aD,(x) (for 
almost all R). 
Proof. Let 9 denote the set of points X in T,L such that exp, tX is a 
minimal geodesic from x to exp, tX for t < 1 but not for any t > 1. 9 is 
the image of the continuous map from an open subset of the unit hypersphere 
in TJ to TJ which sends X//l X jj to X ([3]) and, hence, we see that 9 is a 
set of measure zero in TJ. Let d, C T& be the set of points contained in
and interior to both 9 and S, where SE = (X E TJ 1 11 X 11 = RI. Clearly 
exp,(d,) = DR(x) and since xp, is 9 and the topological boundary of 
d, has measure zero the integral ofany form over DR(x) is equal to the 
integral over d, of its pullback via exp, . By Fubini’s theorem 5? n S, 
has measure zero in S, for almost all R and for such R Stokes’ theorem is 
(14A) (see also 13b) of [22]. Th is proves (1) and the proof of (2) is completely 
straight forward since the integral ofa form over 30,(x) is the integral of its 
pullback (via exp,) over d, n S, whenever 9 n S, has measure zero in S, . 
LEMMA 2.2. Let L C M be a leaf of 9, x EL, and assume that 9 is of 
class v+. If 
lim inf vol aDR(x> > 0 
R-W ~01 DR(x) 
then the leaf L has exponential growth. 
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Proof. Let g(t) be the growth function of L at X. g(t) is increasing and 
differentiable almost everywhere. The above condition implies that there 
exists T > 0 such that for t 3 T we have 
g’W/&) 2 7 > 0 
whenever g’(t) is defined. Since g(t) is increasing we have 
g(T + 1) -g(T) 3 j:+lg’(t) dt 
I 
T+l 
27 iAt> dt 
T 
g(T + 1) b (1 + dg(T). 
Iterating this, we have for any positive integer N, 
g(T + N) b (1 + Vg(T) 
which clearly implies that g(t) has exponential growth. This proves (2.2). 
LEMMA 2.3. Let p > 0, R > 0 and denote by Np(x, R) the maximum 
number of disjoint disks of radius p which are contained inDR(x). Then 
liF+,“f Nob RI > o 
vol DR(x) ’ 
Proof. Let p > 0 be an upper bound for the volume of a disk of radius 
2p in a leaf of 9. (That such an upper bound exists follows easily from the 
compactness of M.) The claim is that any disk DR(x) contains at least 
vol DR-O(x)/p disjoint disks of radius p. If 0,(x1),..., Dp(xle) are disjoint disks 
in DR(x) with k < vol DR&x)/p, then we have 
vol (D&x) - ,bl D&xi)) 3 ~1 DR-,+) - %$I vol Ddxd 
> ~01 D&x) - kp > 0. 
Hence, there exists xlc+r E PR-~(x> - &I %4x4) and ~,(deee, Dph+d 
are disjoint sothe above claim is proved. The lemma now follows ince 
lim inf,,,(vol DR.-,(x)/v01 DR(x)) > 0. (Th e verification of this last fact is 
tedious but straightforward.) 
LEMMA 2.4. Let .A? be a minimal set for 9. Then given E> 0 there xists 
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R > 0 such that for each x E A, DR(x) is e-dense in A? (i.e., DR(x) intersects 
the e-neighborhood in M of every point of A). 
Proof. Suppose the lemma is false. Then there exist sequences (which 
may be assumed convergent by taking appropriate subsequences) x, + X, 
R, + co, z, -+ z (xn , .z, E A’) such that DR,(x,J does not intersect the 
<-neighborhood of z, . Thus, for sufficiently large n, DR,(xJ does not 
intersect the e/2-neighborhood of z. This is impossible, however, since the 
leafL, is dense in A and any point in L, is the limit of a sequence yn E DR,(xn). 
This proves the lemma. 
LEMMA 2.5. Let y be a smoothly embedded closed curve in an orientable 
manifold and U a neighborhood of y. Then there exists a smooth volume preserving 
jlow having y as a closed orbit and whose tangent vector$eld has support contained 
in U. 
Proof. First consider the case y = S x (0) C S x D”. Let 6, x1 ,..., x
denote the coordinates. If f: S x D” --+ [w is independent of 6 then the 
vector field f (a/%) preserves the volume element di3 A dx, A ... A dx, . 
Choose f so that f > 0, f 1 y > 0, and f = 0 in a neighborhood of the 
boundary of 9 x Dn. The general case is now accomplished by taking 
appropriate coordinates for a tubular neighborhood of y and modifying the 
volume element so that it agrees with the pull-back of d8 A dx, A ... A dx, 
via the coordinate chart map. 
DEFINITION. For an oriented codimension one foliation an element of 
holonomy is said to be contracting if it is conjugate to the restriction to a 
neighborhood of zero of a map h: [w + [w such that h(0) = 0 and such that 
for sufficiently small 1 t 1 > 0, we have 1 h(t)1 < I t j. 
The following result is due to R. Moussu and is essentially proved in [lo]. 
THEOREM 2.6. Let L be a non proper leaf in an oriented W codimension 
one foliation such that L contains an element of contracting holonomy. Then 
there is a null homologous closed transversal which intersects L.
Proof. Let x,, EL be a point and y a smooth loop in L which passes 
through x,, and represents an element of contracting holonomy h. Let 7 be a 
transverse segment through x0 and x1 E 7 n L sufficiently close to x,, such 
that h(x,) is strictly between x,, and xi . By a well-known argument a closed 
transversal 01 may be constructed which passes through x1 and if x,, and x1 
are sufficiently close we may assume that 01 is homotopic to the loop 7y-l 
where 7 now merely denotes the segment from xi to x,, . Now let p be a path 
in L from xi to xc . The loop (based at xi) given by @y-lfl-l is homotopic 
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to a commutator in nr(M, x1) and, hence, is null homologous. However, 
a standard deformation argument shows that c&+-~ can be freely homo- 
toped into a closed transversal. 
The following result of Sacksteder is proved in [21]. 
THEOREM 2.7. Let A be an exceptional minimal set in a V2 codimension 
one foliation. Then some leaf in A? has an element of nontrivial linear holonomy. 
Remark. This means, in particular that here is an element of contracting 
holonomy. 
We now define an asymptotic homology class for a leaf which does not have 
exponential growth in a foliation of class V+. Since we assume M compact 
of dimension m let q1 ,..., orbe closed (m - 1) forms on M which determine 
a basis of H+l(M; R). Now let R, + 03 be a sequence of positive r al 
numbers such that 
(a) lim,,, (vol a&&x)/v01 I&,(x)) = 0, 
(b) the pair &,(x), aDRn(x) satisfies Stokes’ theorem, 
(4 !zff vol d&) s D&&(x) 
ja*qk exists fork = l,..., Y 
where jZ : L, + M is the inclusion map. That (a) and (b) can be obtained 
follows from (2.1) and (2.2) and ( c ) f 11 o ows by taking successive subsequences 
since M is compact. We define an element A, E H,,+,(M, R) (which we 
think of as being the dual of H+l(M; [w)) by 
where 71 is a closed (m - 1) form. Stokes’ theorem (2.1) implies that A, is a 
well-defined linear functional on H+l(IM; R). (The definition may, however, 
depend on the sequence R, --+ 03 which is chosen.) 
We are now in a position toprove the main result. 
Proof of Theorem 1.2. The proof is by contradiction. Let A’ be an 
exceptional minimal set of the foliation andassume that some leaf L of A! 
does not have exponential growth. By (2.6) and (2.7), L intersects a null- 
homologous closed transversal y (in fact, every leaf in A%’ will intersect y).
Let X be the divergence free vector field constructed in the proof of (2.5) and 
let 52 be the volume element which is preserved by the X-flow. The form 
i-JJ is closed (since d&Q = L,Q = 0) and its cohomology class is a multiple 
of the PoincarC-dual of the homology class of y ([18]) and, hence, must be 
zero. Let x E y n L and A, E H,,+,(M, R) be the asymptotic homology 
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class defined above. We claim that A,(irO) # 0 which contradicts the fact 
that iXQ is cohomologous to zero. Let U be a small tubular neighborhood of y. 
By (2.4) any disk of a fixed sufficiently large radius in a leaf of JH must 
intersect U and, hence, there exists a p > 0 such that any disk of radius p 
in &Z cuts through U. This means that the integral ofi,Q over a disk of 
radius p in M always has the same sign and has absolute value greater than 
some fixed positive number. (2.3) now implies that A,(i,SZ) # 0 and this 
completes the proof of (1.2). 
Remark. The above proof actually shows that if a nonproper leaf in a 
minimal set has an element of contracting holonomy then the leaf has 
exponential growth (assuming the leaf is an immersed submanifold ofclass 
V). This is the case, for example, if the minimal set is all of M and contains 
a nontrivial element of holonomy. The contraction obtained in this case may 
only be one sided but the same argument will work (see proof of Theorem 9 
of [21]). 
3. LOCALLY FREE LIE GROUP ACTIONS 
In this ection we consider group actions CD: G x M -+ il2 where G is a 
Lie group, M is a compact manifold and the isotropy group at each point 
of M is a discrete subgroup of G. Further, we make the special ssumptions 
that the map @ is of class V2 and that dim M = (dim G) + 1. We assume 
also that G has a fixed right invariant Riemannian metric. G is said to have 
polynomial growth if the volume of the disk of radius R about he identity in
G is dominated by a polynomial inR. As before this concept (and that of 
exponential growth) is independent ofthe (invariant) metric hosen but the 
specific polynomial does depend on the metric. We also assume that M has 
a Riemannian metric which agrees on orbits of CD with the metric induced 
from G. 
THEOREM 3.1. If G has polynomial growth then the group action 
CD: G x M + M does not have any exceptional minimal sets. 
Proof. If we assume that he group action is of class V3 the result would 
follow directly from (1.2). To prove the %?a case we merely repeat he proof 
of (1.2) with some small changes. The asymptotic homology class is in this 
case defined by 
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where 7 is a closed m - 1 form on M (m = dim M), D, is the disk of radius 
R about the identity of G, j, : G -+ M is defined by jz(g) = @(g, x), and 
R, -+ 00 is a sequence such that Stokes’ theorem is valid on D, and the 
limit in the above formula exists for a collection of closed m 1 1 forms 
which determine a basis of Hm-l(M; I%). (Note that the argument for the 
validity of Stokes’ theorem for almost all values of R is no problem here 
since G itself is a %P manifold.) The other necessary modifications of the 
proof of (1.2) are completely straight forward and are therefore omitted. 
The question of which Lie groups have polynomial growth is answered 
by the following result of Jenkins [7]. 
THEOREM 3.2. Let G be a simply connected Lie group and 6 its Lie algebra. 
The%?: 
(i) G has either polynomial growth or exponential growth; 
(ii) G has polynomial growth s# all the eigenvalues of the adjoint represen- 
tation ad: 6 --+ gl(B) are imaginary. 
Remarks. 1. Jenkins considers the growth of the measure of the sets 
U” (n = 1, 2, 3,...) w h ere U is a compact neighborhood of the identity in 
G. It is easily shown, however, that this growth type is the same as that 
obtained when G is considered as a Riemannian manifold. 
2. Note that nilpotent groups have polynomial growth and nonunimodular 
groups have exponential growth. Solvable groups can have either type of 
growth. Semisimple groups are either compact or have exponential growth. 
(3.1) and (3.2) combine to give the following. 
COROLLARY 3.3. If @: G x M---f M is a V2 cod&tension one Lie group 
action with M compact and ad: 6 + gl(6) has only imaginary esgenvalues 
then @ does not have any exceptional minimal sets. 
Remark. This result generalizes Sacksteder’s result [21, Theorem 81 that 
a V2 action W-l x M -+ M cannot have an exceptional minimal set. 
The following result is parallel to (1.5). 
COROLLARY 3.4. If @: G x M -+ M is as above (3.1 and 3.3) and @ has no 
compact orbits hen the orbit foliation of @ has Jinite holonomy groups, a bundle 
like metric, and IP(M; W) # 0. 
Proof. Corollary 3.4 follows using the same arguments as in the proof 
of Theorem 9 of 17211. 
Remark. Orbit foliations of locally free Lie group actions have the 
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property that we can assume that the growth function of each leaf is 
independent of the point chosen in the leaf. In Section 2 we saw that a 
(sufficiently smooth) leaf having polynomial growth and contained in a 
minimal set could not have an element of contracting holonomy. The same 
conclusion can be obtained if we replace the assumption that the leaf is 
contained in a minimal set with the assumption that the growth function 
is independent of the point in the leaf. The idea of the proof is to consider a 
fixed disk and to project nearby (in M) disks of approximately the same radius 
(and in the same leaf) onto the original disk along the integral curves of a 
smooth vector field which is transverse to the foliation. As the disks are 
chosen larger and closer to the original one their projections wrap around 
it and we find that the growth function g(t) satisfies 
where 6 > 0 is some constant. Such a growth function cannot be dominated 
by a polynomial. 
One might suppose that the codimension one orbit foliation of a sufficiently 
smooth Lie group action could not have an exceptional minimal set. To 
show that this is not the case we give an example of a ?P locally free Lie 
group action whose (codimension one) orbit foliation contains an exceptional 
minimal set. 
First we recall a basic construction of foliations from discrete group 
actions [4]. Let r be a finitely generated discrete group and let r x F---f F 
be a Vr(r 3 1) action where F is a smooth manifold. Also let U be another 
smooth manifold and suppose there is a VT action P x U + U which is 
properly discontinuous. This means, in particular, that U/I’ is a VT manifold. 
Now define an action r x (F x U) + F x U by (y,f, u) -+ (r(f), y(u)). 
This action is also properly discontinuous and we have a 97:’ fibration 
F -+ (F x U)/r + U/r. Furthermore, the trivial foliation of F x U having 
leaves diffeomorphic to U is invariant under the action of r and thus induces 
a foliation 9 of (F x U)/r which is transverse to the fibers. Conversely, 
a foliation which is transverse to the fibers of a (compact) fibration and such 
that the leaves have the same dimension as the base may be obtained from 
such a construction (using an appropriate action rr(B) x F + F where B 
is the base and F is the fiber). 
Now let M2 denote the compact orientable 2-dimensional manifold of 
genus 2. Sacksteder [20] constructs a ‘%P action rl(M2) x 9 + 9 which 
has an exceptional minimal set. Let G denote the universal covering group of 
SL(2, R). It is wellknown (see, e.g., [I]) that G has a uniform discrete 
subgroup r (i.e., G/r is compact) such that there is a surjective group 
homomorphism 7: r+ Z-,(M,). We define an action r x S + Sr by 
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(y, 8) + y(y)(9), y E r, 6 E 9. This new action has the same exceptional 
minimal set as the original one. Now define r x (G x 9) + G x S by 
(x g, 8) - (wl, 7(r)@* 7% is action preserves the trivial codimension one 
foliation with leaves diffeomorphic to G and this foliation induces a 
codimension one foliation 9 of (G x Sl)/r having an exceptional minimal 
set. Furthermore, 9 is the orbit foliation fthe action G x (G x Sl)/r + 
(G x Sl)/r given by left translation. 
4. SOME ERGODIC PROPERTIES 
Suppose we have a %? locally free action @: G x M + M where G has 
polynomial growth and M is compact and oriented. If@ has no compact 
orbits then by (3.4) there is a vector field X on M which is transverse 
to the orbit foliation 9 of @ and such that the one form w on M defined 
by w(X) = 1, w 1 TF = 0 (TF = tangent bundle of F) is invariant under 
the action of @. It is well known [21] that he one form w is closed (i.e., for 
suitable coordinates on M it is locally the differential of  W real valued 
map). The cohomology class of w is essentially the PoincarC dual of the class 
A, E H,-r(m R). This is made precise b low but first westate the individual 
ergodic theorem as proved in [2]. 
THEOREM 4.1. Let v be a left invariant Haar measure on G and let TV be 
a finite complete measure on M which is invariant under a measurable action 
@: G x M -+ M. Let A, be a sequence of measurable subsets of G such that 
0 < v(A,) < co for all k and such that: 
(1) A, CA,,, ; 
(2) limk+, “(A, d xAJv(AJ = lim,,, v(Ak A Akx)/v(Ak) = 0 for all 
x in G; 
(3) for each k and n, A,A, = {xy 1 x E A, , y E A,} is measurable and 
lim,,, 4%J, d 4JI@,) = 0; 
(4) there exists K > 1 such that v(A;lA,) < Kv(A,) for all k. 
Then if f ELM we have 
k-tm & j-, lim 
k 
f Pk, 4) d&d = S,,f (4 444 
for almost all x E M. 
PROPOSITION 4.2. Let @: G x M + M a V2 codimension one locally free 
action where M is compact, G has polynomial growth. Assume @ has no compact 
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orbits and let w be the CD invariant one form on M as described above. Then, 
up to a constant multiple, the cohomology class of w is the Poincare’ dual of the 
asymptotic homology class A, E H,,-,(M; Iw). 
Proof. We sketch the proof which uses the ergodic theorem. Let R, -+ co 
be a sequence such that the sets (e denotes the identity ofG) 
4 = {g E G I d(e, g> < &I 
satisfy the hypotheses ofthe ergodic theorem. (This is done easily using 
the assumption of polynomial growth of G and the fact that d(e, xy) < 
d(e, x) + d(x, xy) = d(e, LX) + d(e, y).) Now let X,, be a vector field on M 
such that w(X,) = 1 and let X1 ,..., X -r be the vector fields tangent o the 
orbit foliation which correspond toa basis 2, ,..., 2 -r of the Lie algebra of
G. We define a measure TV on M as follows. Let vt be a continuous flow 
with tangent vector field X0 and which leaves the orbit foliation nvariant. 
Thus, locally M looks like the product of an open set in G with an 
interval nd we let p be the local product measure. Clearly TV is invariant 
under @. If 17 is an arbitrary closed m - 1 form on M then by the ergodic 
theorem (recall @ has no compact orbits and the orbit foliation s,therefore, 
transitive [ 141) 
which proves the proposition. 
Remark. If a locally free action dj: G x M -+ M has an invariant one 
form w as above then G must be unimodular for otherwise ome g E G would 
increase the p-measure of M. In particular, if G is not unimodular there can 
be no V2 free codimension e action @: G x M -+ M where M is compact 
This generalizes a result in [13]. 
5. DISCRETE GROUP ACTIONS ON 9 
In this ection we consider group actions ofthe form @: r x Si + Sr 
where @ is a Vz map and r is a finitely presented discrete group. 
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THEOREM 5.1. If @: r x 9 + S is a V2 group action where P has 
polynomial growth then @ does not have any exceptional minimal sets. 
Proof. Since r is finitely presented itis the fundamental group of some 
compact manifold B [8, p. 1431. Letting U be the universal covering space 
of B and using the construction of Section 3 we obtain a V2 foliation of a 
compact manifold M which is a circle bundle over B. The proof now is 
the same as that of (1.2) except hat we make a slight change in the definition 
of the asymptotic homology class. Assume that for the covering U -+ B we 
have selected a fixed collection of fundamental domains which cover U (each 
of which has finite diameter and a piecewise mooth boundary). Let A, be 
the union of all the fundamental domains which intersect D, (in U) and 
define 
where 7 is a closed m - 1 form on M (m = dim M) and R, --+ cg is a 
sequence such that A, is well-defined on acollection of closed m - 1 forms 
which generate H+l(M; R). 
COROLLARY 5.2. Let I’ and @ be as in (5.1). If @ has noJinite orbits then 
@ is topologically conjugate to a group of isometries. 
Proof. The statement is an easy consequence ofthe arguments used in 
the proof of Theorem 9 of [21]. 
6. FOLIATIONS TRANSVERSE TO CIRCLE BUNDLES 
We suppose that M is a compact manifold which is a bundle over another 
compact manifold B and with fiber S1 and that F is a codimension e 
foliation which is transverse tothe fibers. Inthis case our results ake the 
following form. The proof is the same as that in the preceeding section. 
THEOREM 6.1. If 3 is a V2 codimension one foliation which is transverse 
to the jibers of an S1 bundle over a compact manifold B and if p,(B) has 
polynomial growth then 9 does not have any exceptional minimal sets. 
Remark. This result generalizes Theorem 3 of [19] and explains the 
contrast between Sackstader’s example [20] and the results ofReeb [17] 
which were mentioned in the introduction. 
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7. A WEAK CLOSING LEMMA 
It is natural to ask to what extent he Vr (r > 0) closing lemma is valid 
for codimension one foliations f compact manifolds, that is, given a point 
x contained ina minimal set of the foliation s it possible to make a gT small 
perturbation of the foliation s  that x is contained in a compact leaf of the 
new foliation. That this is not always possible isshown by the following 
examples of Hirsch [6]. Let 0 be the three dimensional real Lie algebra 
generated by X, Y, 2 with relations of the form 
[X, Y] = az a>0 
[X, Z] = bX 
b>O 
[Y,ZJ = -bY 
Let G be the simply connected Lie group having 0 as Lie algebra. When 
a > 0, 0 is simple and when a = 0, 0 is solvable, but in either case G 
has a uniform discrete subgroup r and we consider the foliation g on G/r 
whose tangent bundle is spanned by the vector fields Y and Z. When G is 
solvable G/r is a torus bundle over the circle and any loop in a fiber is null- 
homologous in G/r [13]. Wh en G is simple, for appropriate r, G/r is a 
circle bundle over a compact 2-manifold and the fibers are seen to be 
null-homologous, (for example using the Gysin exact sequence). Thus, in 
either case, we have examples where there xists a null-homologous closed 
transversal. Hence, by the Poincare-Bendixson theorem for codimension 
one foliations a yperturbation which is still transverse to the given trans- 
versal has no minimal set which (a) intersects thetransversal and(b) contains 
a leaf having nonexponential growth. In the case where G/I’ is a bundle 
with circle fibers, noperturbation which remains transverse to the fibers can 
have a minimal set containing leaves with polynomial growth (in particular, 
there will be no compact leaves). Thus, the general closing lemma is not valid. 
(In [6], Hirsch actually shows the foliations i  question are structurally stable 
and hence sufficiently small perturbations fail to have compact leaves since 
the original has none.) 
In the above examples, however, we note the leaves of the foliations have 
exponential growth. The following result may be thought of as a weak 
closing lemma. 
PROPOSITION 7.1. Let F be a codimension one foliation f a compact 
manifold M which is of class GP+. Assume also that he leaves of 9 have poly- 
nomial growth. Then either 9 has a compact leaf or there is a foliation VP 
close to .F which does have a compact leaf. 
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Proof. Suppose that s has no compact leaves. Then by (1.5) there is a 
continuous vector field X transverse to F having a continuous flow which 
takes leaves into leaves. The form which is 1 on X and annihilates vectors 
tangent to 9 is closed and by a V” small perturbation (among closed non- 
singular one forms) as in [14] we may obtain a closed one form with rational 
periods. The foliation determined by the perturbed form has all its leaves 
compact [14] and our conclusion follows. 
Since the existence of a nonsingular closed one form which is not a multiple 
of any form with rational periods (on a compact manifold M) implies that 
rank iF(M; IF!) > 1 the above argument also yields the following. 
PROPOSITION 7.2. If 9 is as in (7.1) and rank W(M; IF!) < 1 then 9 has 
a compact leaf. 
If M has dimension three and .F has no compact leaves then there are 
no null-homotopic closed transversals by results of Novikov [12]. Thus 
the above results together with (1.4) imply 
COROLLARY 7.3. Let M be a compact manifold of dimension 3 and such that 
rl(M) has polynomial growth. If F is a codimension one foliation (of M) of class 
g2+ then 9 has a compact leaf or else there exists a VT0 small perturbation of 
S which does. 
COROLLARY 7.4. If M and F are us in (7.3) and rank W(M, W) < 1 
then 9 has a compact leaf. 
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